We study the macroscopic quantum self-trapping effect in a mixture of Bose-Einstein condensate (BEC) and quantum degenerate fermions, confined in a double-well potential with a variable separation between the wells. The fermions form a finite-size cloud that affects the static and dynamical properties of the BEC. In particular, our quasi-analytical and numerical analysis based on a mean-field model shows that the main features of macroscopic quantum self-trapping in a pure bosonic system are modified by the influence of fermions. Both the onset of self-trapping and the properties of the self-trapped state depend on the amount of fermions in the system as well as on the type of inter-species interaction. The properties of the quantum degenerate mixture are explored using realistic parameters for a 40 K-87 Rb system.
Introduction
Self-trapping phenomena are among the most dramatic effects of atomic interactions [1] in the systems of quantum degenerate gases. The so-called macroscopic quantum self-trapping (MQST) effect [2] manifests itself as localization of most of the particles in the system in a particular region in space. The MQST and related effects in purely bosonic systems have been extensively analysed in different physical contexts, from the Josephson effect in superconductors [3] and the study of superfluid He 4 [4] to the alkali Bose-Einstein condensates [5] . The MQST effect in a so-called Bose-Josephson junction, i.e. a Bose-Einstein condensate loaded into a doublewell potential, has been extensively studied theoretically [6] [7] [8] [9] [10] and observed experimentally [11] . Its appearance is linked to a nonlinearity-induced phase locking between the nonlinear eigenstates of the trapping potential, which leads to the formation of new stationary states that have no linear counterpart [7, 12] . These states are characterized by a population imbalance between the wells of the trapping potential, which becomes more pronounced with growing nonlinearity (see figure 1) . Moreover, it turns out that the MQST effect plays an important role in the dynamics of condensates in periodic potentials, leading to the formation of self-trapped or truncated gap states [13, 14] .
The experimental achievements in the production of mixtures of BECs and degenerate Fermi gases with interspecies interaction strength controlled by Feshbach resonances [15] [16] [17] [18] drew attention to the studies of the Bose-Fermi systems in the context of novel quantum phases and lattice dynamics. The properties of the nonlinear spatially localized states, Bose-Fermi solitons, have also been studied in both harmonic [19] [20] [21] and periodic trapping potentials [22] . In contrast, this paper presents a theory of the self-trapping effect in the basic model of a Bose-Fermi mixture loaded into a double-well potential. As demonstrated by the previous research into purely bosonic systems [13, 14] , such an effect could also have consequences for the behaviour of the quantum degenerate mixture in periodic potentials.
Our aim here is to describe the effect of degenerate fermions on the self-trapping behaviour of ultracold bosons in a quasi-one-dimensional symmetric double-well potential [11] , in the limit of a finite number of fermions [23] , which Figure 1 . Schematics of the atomic density distribution for fermions (solid line) and bosonic condensate (dotted) in a macroscopic self-trapped stationary state formed in a one-dimensional double-well trapping potential (dashed), in the case of attractive inter-species interaction. In the repulsive case the picture is similar; however, the inter-species interaction leads to the suppression of the fermionic density in the areas where the condensate density peaks.
could be of the same order of magnitude as the number of bosons. In the presence of a confining potential, the fermions form a Fermi sea around the bosonic cloud (see figure 1) . In order to analyse the static properties of the system we develop a quasi-analytical treatment of the system, based on a meanfield density approximation for the fermionic component and a coupled-mode theory for the bosonic component. In addition, a self-consistent numerical approach [22] is employed to analyse the self-trapping regimes in detail. We consider both attractive and repulsive interactions between bosons and fermions, which can be modified by means of Feshbach resonances [11, 15-18, 23, 24] . In particular, we take physical parameters corresponding to the mixture of ultracold 40 K-87 Rb atoms. We describe the effect of a Fermi sea on the formation of MQST states in the interacting bosonic component of the system and demonstrate, numerically, the difference in the dynamics of the systems with the attraction or repulsion between fermions and bosons. The two types of interaction between the atomic species can be achieved experimentally [15] , which offers a unique opportunity to explore different MQST phases in the system. The paper is organized as follows: section 2 introduces the second quantized and effective one-dimensional meanfield model for the quantum degenerate Bose-Fermi mixture trapped in a one-dimensional double-well potential. Section 3 presents derivation of the coupled-mode theory for the BEC cloud coupled to the Fermi sea. Section 4 presents the analysis of the self-trapping regimes based on the coupledmode theory and numerical self-consistent approach in the two main cases of the inter-species attraction and repulsion. The details of the variational calculations exploited in the coupledmode theory are given in the appendix. Section 5 concludes and summarizes our work.
The mean-field model
We consider a Bose-Fermi mixture trapped in a onedimensional symmetric double-well potential. The
Hamiltonian of the system can be written in second quantized form in terms of single particle operators for each of the particle species and the inter-species interaction between bosons and fermions:
where the bosons and fermions in the system are represented by their corresponding field operators:ψ † ξ (x, t) (creation) andψ ξ (x, t) (annihilation); ξ ∈ {f, b}. The field operators obey the usual commutation (bosons) and anti-commutation (fermions) algebra.
The longitudinal (x-component) single-particle part of the Hamiltonian (1) includes a one-dimensional double-well trapping potential:
2 /2, where the trapping frequencies and the masses for each of the species are denoted by ω ξ and m ξ , respectively. The distance between the minima of the double well is given by 2x 0 .
The interaction strengths g bb and g bf in equation (1) represent the scattering between bosons and boson-fermion, respectively. These coefficients are considered to be constant in the relevant region near their resonances and approximately proportional to their s-wave scattering length. The on-site fermion-fermion interaction is Pauli suppressed. In the following sections we discuss both the inter-species repulsion and attraction, and show that the sign of the interaction leads to differences in the self-trapping regimes.
Following the treatment given in [22] , we derive the equations of motions from the Hamiltonian (1) by using Green's function method, and perform a mean-field approximation. We define the condensate wavefunction ψ 0 b ≈ ψ b , and each of the wavefunctions corresponding to the fermions, ψ n f ≈ ψ n f . We consider the quasione-dimensional limit of a strongly elongated trap with the transverse trapping frequency ω ⊥ , which leads to re-scaling of the one-dimensional interaction coefficients g bb = 2hω ⊥ a bb and g bf = 2hω ⊥ a bf . Thus, we arrive to a set of N f +1 coupled mean-field equations: N f equations corresponding to each of the fermions and one for the BEC wavefunction [22] :
where, ρ f = 
where the bosonic wavefunction and fermionic density are rescaled as ψ
The double-well potential for bosons or fermions, 
The coupled-mode theory
Numerical solutions of the model equations (4) are tractable when the number of fermions is small [22] . However, the current state-of-the-art experiments [23] suggest that the system should be considered in the regime of moderate to a large number of atoms, both for bosonic and fermionic components. We therefore consider the density of fermions ρ f taking its stationary limit near the condensation temperature of the bosons. In this limit, the fermions can be described in a first approximation by a filled Fermi sea, where the Fermi points ±k F are invariant upon the interaction, and Luttinger's theorem holds for the fermionic component [25, 26] . If the Fermi energy is sufficiently higher than the chemical potential of the BEC cloud, then it can be assumed that the dynamics of the fermionic cloud occurs on a much larger time scale than that of the bosons and consider the dynamics of the bosonic component under the influence of the quasi-static distribution of fermionic density ρ f (x).
Next, following the coupled-mode theory for BoseEinstein condensates trapped in a double-well potential, developed in [7] , we assume that the main contribution to the bosonic condensate wavefunction comes from the two lowest nonlinear modes of the double-well potential, corresponding to the symmetric ground state, 0 (x), and anti-symmetric first excited state, 1 (x):
where B j (t) is the time-dependent amplitude of the relevant state (j = 0, 1), μ j is its energy, n j = R dx 2 j and C j = R dx 4 j n 2 j . The nonlinear modes j obey the following stationary equations derived from equation (5):
Equation (7) is equivalent to a standard mean-field GrossPitaevskii equation for a BEC with a position-dependent potential term modified by the nonlinear interaction with the fermionic cloud. Substituting the ansatz (6) into equation (5) and using equation (7), we recover the system of two coupled equations for the mode amplitudes [7] :
where
. This system of nonlinear coupled equations describes the dynamical population exchange between the lowest energy states of the condensate cloud in a doublewell potential. In this system of coupled equations the constants μ j , C j , C 01 and n j depend on the solution of (7) (see the appendix) and therefore on the shape of the fermionic density distribution and the strength of the inter-species interaction. As shown in [7] , the dynamical system (8) admits phase-locked solutions corresponding to macroscopically selftrapped states, characterized by the arrest of tunnelling and formation of a stationary BEC density distribution which is nonzero in each well but strongly unbalanced.
In order to analyse possible regimes of the self-trapping in the presence of the Fermi component, we will set the physical parameters of the system to those of a 40 K-87 Rb quantum degenerate mixture [11, 15, 17, 18, 23] . We study the system where the rescaled one-dimensional s-wave interspecies interaction parameter is attractive, a bf ≈ −234 αa 0 for 40 K-87 Rb and for the repulsive case, we consider a bf ≈ +234 αa 0 , where a 0 is the Bohr radius and α is a strength parameter. The boson-boson scattering parameter is a bb ≈ 98.98 a 0 [23] . The double-well angular frequency for 87 Rb is ω b ≈ 2π × 263 Hz (see [11] ) and
In a realistic experimental situation κ f ∼ 1 [27] . In the following section, we examine the difference in the selftrapping scenario for bosons caused by the different types of inter-species interactions.
Self-trapping regimes
Our aim is to establish the parameter space where MQST occurs in the mixed-species system. To this end, we use the ansatz, B j (t) = n j (t) exp[−iφ j (t)], which allows us to rewrite the system (8) in terms of the difference in relative populations of the modes = n 1 − n 0 and the relative phase shift, ϕ = 2(φ 0 − φ 1 ) − t [7] :
, and n = n 0 + n 1 = const. The self-trapped states correspond to the regime where the relative phase shift is fixed to an integer of 2π, ϕ = 2πm. The difference in the population for the MQST states is given by the self-trapping parameter:
The limiting cases correspond to the situation when only the symmetric or anti-symmetric mode is populated, resulting in the equal number of atoms in each well. The ultimate self-trapped state, when all the atoms are localized in one well, corresponds to 01 = 0. The value of the selftrapping parameter 01 is strongly influenced by the modecoupling strengths C ij and the effective energies μ j of the nonlinear modes. In our model these can be determined semi-analytically by means of a variational approach. This approach employs an ansatz for the macroscopic wavefunction of the condensate, , in the form of a linear combination of the symmetric 0 , and anti-symmetric 1 eigenstates of the double-well potential:
and the amplitudes, A j , and widths, a j , are the variational parameters to be determined for each μ j . The form of this ansatz reflects the existence of the first two lowestenergy eigenstates, with symmetric and anti-symmetric spatial profiles and the maxima localized in the minima of the doublewell potential. The details of the variational calculations of the chemical potential and self-trapping parameters are presented in the appendix. The variational approach allows us to identify clearly the origin of the different behaviour in the self-trapping depending on the type of the inter-species interaction. We stress here that the form of the ansatz reflects the fact that the width and peak density of the bosonic cloud are strongly dependent upon the form of the fermionic density, ρ f (x). For each value of the well separation, x 0 , the density ρ f (x) can be determined by employing a self-consistent numerical relaxation routine. Namely, we solve the eigenvalue problem for each fermion, initially without the coupling to the bosons. In the next steps, we adiabatically turn on the interaction with the bosonic cloud and calculate, iteratively, corrections to the fermionic density due to the interaction with bosons. The spatial shape of the bosonic fraction is obtained from our variational computation in the absence of coupling. The resulting fermionic density profile takes into account the feedback of the bosons on the fermions, as well as the nonlinear interaction between bosons. This approach allows for a semi-analytical treatment of the model equation (5) governing the behaviour of bosons in the presence of moderate to large (N f ∼ 10 2 -10 3 ) number of fermions. Alternatively, the whole procedure can be performed numerically, with the variational solution for the BEC wavefunction replaced with that determined from the stationary mean-field model by means of a standard relaxation method [28] . In all our calculations we tested that our variational solution for the BEC component is in good agreement with the numerical solution of the stationary equation.
Inter-species attraction
We start our discussion by analysing the difference in energies, μ 1 − μ 0 , as a function of the double-well separation x 0 (see figure 2 ), in the case of a bf < 0, i.e. the attraction between the fermions and the BEC. In this case the growth in the concentration of fermions, r f b , leads to the increase of energy splitting between anti-symmetric and symmetric states, as compared to the pure BEC. More importantly, the attractive inter-species interaction leads to stronger localization of the condensate wavefunction in each well (see the inset in figure 2 ), which in turn results in the suppression of tunnelling and the onset of the MQST at smaller well separations, compared to the pure BEC case. The behaviour of the population imbalance, 01 (x 0 ), is shown in figure 3 . In the region marked 0 there is no selftrapping effect. In contrast, for region I, self-trapping occurs at smaller separation than in the pure bosonic system. As we increase the separation, the system moves deeper into the self-trapped regime, where the macroscopic wavefunction is completely localized in one of the two wells, and both the symmetric and anti-symmetric mode are equally populated, region II.
In order to test the prediction regarding the onset of the MQST, we perform numerical simulations of the propagation of the stationary solution obtained numerically for the moderate number of particles (∼10 2 ) of each species. We can see that the effect of the fermions on the bosons is consistent with the results of our variational solution, as seen in figure 4 . In the case of the pure BEC for the separation considered in figure 4 , self-trapping at such small well separations cannot be achieved yet; thus an unbalanced state exhibits oscillations between left and right wells. The inclusion of the fermions in the system changes the behaviour of the BEC at the same value of well separation, making the cloud narrower while driving the BEC component into the self-trapping regime.
Inter-species repulsion
The energy splitting between the ground and the first excited state of a BEC in the double-well potential in the case of repulsive inter-species interaction, a f b > 0, has the opposite behaviour compared to the attractive case. In the limit of small separations, the energy difference of the mixture is smaller than that of the pure BEC ( figure 5 ). The dependence 01 (x 0 ) is shown in figure 6 . The MQST states exist in all regions except from the region 0. The onset of the MQST effect in a mixture occurs at greater well separations compared to that of a pure BEC system (see region I). This is due to the fact that the presence of repulsive fermions leads to the effective broadening of the BEC wavefunction (see inset in figure 5), which extends the regime of enhancement of inter-well tunnelling to larger well separations. Therefore, localization of an unbalanced state is achieved only for larger values of well separation compared to the pure bosonic case. Our numerical simulations of the dynamics of the mixed cloud confirm that, in the case of inter-species repulsion for a moderate number of particles (N f ∼ 10 2 ), the self-trapping regime is suppressed, as compared to the purely bosonic case, and the bosonic cloud suffers from broadening, see figure 7 .
Signatures of self-trapping
The nontrivial nature of the self-trapping in the case of the mixture of the BEC and the degenerate Fermi cloud can potentially be explored in an experiment with a double-well potential, similar to that presented in [11] . In an experiment, however, one would measure the difference in atom numbers between the BECs occupying two different wells of the potential, N , rather than the populations of two nonlinear modes 0,1 . The possible results of such a measurement are erf(y)
Finally, we note that the effect of the fermions on the MQST is detectable for as long as the amount of fermions is not very large, so that the spatial structure of the fermionic density is still affected by the double-well nature of the potential. For a very large Fermi sea the fermionic density is nearly homogeneous across the spatial extent of the trap, which results in the homogeneous shift of the energy levels for the bosonic component. The effect of the fermions for the fixed number of bosons on the MQST parameter at a fixed separation disappears as the concentration of fermions grows, and the value of the self-trapping parameter, 01 /n, asymptotically approaches that corresponding to the pure BEC system for that separation. As an example, for the repulsive mixed system at the separation x 0 = 2 and α = 5 the MQST parameter differs from that of a pure BEC by 10% of its value when the number of fermions exceeds the number of bosons by the factor of 10 2 .
Conclusions
In conclusion, we have analysed the formation of self-trapped states in a BEC cloud mixed with degenerate fermions and confined in a one-dimensional double-well potential. Our semi-analytical approach is reliable in the limit of moderate to large number of fermions (N f ∼ 10 2 -10 3 ). The properties of the bosonic macroscopic wavefunction are analysed by means of a variational method, which allows us to comprehensively describe the spatial properties and symmetry of the selftrapped state and identify the reasons for enhancement or suppression of self-trapping. The self-trapping regimes in the Bose-Fermi mixture are predicted to be markedly different for repulsive and attractive inter-species interaction and highly sensitive to the fermion concentration. For the attractive interaction, the growth of the fermionic fraction leads to the MQST at smaller well separations. This is due to the effective suppression of tunnelling due to the narrowing of the bosonic wavefunction. In the repulsive case, the growth in the fermionic fraction has a stronger effect on the dynamics of bosons and promotes the onset of the MQST regime to greater well separations, as a result of the tunnelling enhancement due to the fermion-induced broadening of the BEC wavefunction. In both attractive and repulsive cases, the effect could be accentuated by enhancing the strength of the inter-species interaction via Feshbach resonance.
Both the enhancement and the suppression of selftrapping in the BEC cloud mixed with degenerate fermions may signal the existence of the new regimes of the dynamics and switching of BECs in atomic waveguides and nonlinear interferometers with mixed atomic species. They are also expected to have profound consequence for the formation and dynamics of the self-trapped gap states in the Bose-Fermi mixtures loaded into periodic potentials. Beyond the mean field, these effects may have an implication for the onset of the superfluid to Mott insulator (MI) transition in a lattice potential [29] [30] [31] [32] , leading to the inhomogeneous suppression of the MI regime in the case of repulsive interaction and phase separation. These phenomena require further investigation. . The computation of all quantities follows from numerically minimizing the functional (A.1) with all numerical constants fixed, and a 0,1 as variational parameters. In the limit of r f b → 0 our variational results are consistent with the numerical results for the pure BEC system presented in [7] .
